Non-locally coupled, periodically arranged SQUIDs (Superconducting QUantum Interference Devices) can form magnetic metamaterials exhibiting extraordinary properties, including tuneability and dynamic multistability, which have been experimentally observed. It is demonstrated numerically that they also exhibit complex dynamic states in which clusters of SQUIDs with synchronous dynamics coexist with clusters that exhibit asynchronous behavior. These "chimera states" appear generically as a result of the non-local, dipole-dipole magnetic coupling between SQUIDs, and they can be reached by randomly initializing the system. They also affect measurable quantities and thus their presence can in principle be detected with presently available experimental set-ups. (Fig.  1a) ; the device is a highly nonlinear resonator with a strong response to applied magnetic fields. SQUID metamaterials exhibit peculiar magnetic properties including negative diamagnetic permeability that were predicted both for the quantum [8] and the classical [9] regime. The applied alternating fields induce supercurrents in the SQUID rings, coupling them together through dipoledipole magnetic forces; although weak due to its nature, the interaction results in non-local coupling between the SQUIDs, since it falls off as the inverse cube of their distance.
SQUID metamaterials constitute a subclass of superconducting artificial media whose function relies both on the geometry and the extraordinary properties of superconductivity and the Josephson effect [1, 2] . Recent experiments on SQUID metamaterials in the superconducting state have demonstrated their wide-band tuneability, significantly reduced losses, and dynamic multistability [2] [3] [4] [5] [6] . The simpest version of a SQUID (Superconducting QUantum Interference Device) consists of a superconducting ring interrupted by a Josephson junction [7] (Fig.  1a) ; the device is a highly nonlinear resonator with a strong response to applied magnetic fields. SQUID metamaterials exhibit peculiar magnetic properties including negative diamagnetic permeability that were predicted both for the quantum [8] and the classical [9] regime. The applied alternating fields induce supercurrents in the SQUID rings, coupling them together through dipoledipole magnetic forces; although weak due to its nature, the interaction results in non-local coupling between the SQUIDs, since it falls off as the inverse cube of their distance.
The study of networks of interacting nonlinear elements pervades all of science, from neurobiology to statistical physics, often revealing remarkable aspects of collective behaviour [10] . The effect of non-local interactions, which constitutes the "dark corner" of nonlinear dynamics, has been extensively investigated in the last decade and has unveiled collective dynamic effects such as synchronization [11, 12] , pattern formation [13] , and Turing instabilities [14] . Recently, a state with a counterintuitive structure (a "chimera state") was discovered in non-locally coupled oscillator arrays [15] , and an intense theoretical [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and experimental [30] [31] [32] [33] [34] [35] [36] [37] [38] activity has been initiated since. A "chimera state" is characterized by the coexistence of synchronous and asynchronous clusters (subgroups) of oscillators, even though they are coupled symmetrically and they are identical [39, 40] . It is demonstrated numerically that this remarkable collective dynamic behaviour emerges in SQUID metamaterials which are driven by an alternating magnetic field in the presence of weak dissipation. The SQUID metamaterial model which has been used previously in the weak and local coupling regime (i.e., nearest neighbor coupling) to investigate intrinsic localization and tuneability effects [41] [42] [43] , is being extended to account for non-local interactions. Stable or, at least, long-lived chimera states are obtained by initializing randomly the fluxes threading the SQUID rings; the subsequent dynamics yields the spontaneous formation of clusters of SQUIDs that exhibit synchronous and asynchronous flux oscillations for most of the initial configurations. These states could in principle be detected in SQUID metamaterials with the presently available experimental set-ups [5, 6, 44] . Consider a one-dimensional linear array of N identical SQUIDs coupled together magnetically through dipoledipole forces. The magnetic flux Φ n threading the n−th SQUID loop is
where Φ ext is the external flux in each SQUID, λ |m−n| = M |m−n| /L is the dimensionless coupling coefficient between the SQUIDs at positions m and n, with M |m−n| being their corresponding mutual inductance, and
is the current in each SQUID given by the resistively and capacitively shunted junction (RCSJ) model [45] , with Φ 0 and I c being the flux quantum and the critical current of the Josephson junctions, respectively. Within the RCSJ framework, R, C, and L are the resistance, capacitance, and self-inductance of the SQUIDs' equivalent circuit (Fig. 1b) . Combination of Eqs. (1) and (2) gives
whereΛ −1 is the inverse of the N × N coupling matrix
with λ 0 being the coupling coefficient betwen nearest neighboring SQUIDs. In normalized form Eq. (3) reads 
where the frequency and time are normalized to ω 0 = 1/ √ LC and its inverse ω −1 0 , respectively, while fluxes and currents are normalized to Φ 0 and I c , respectively,
is the SQUID parameter, the overdots denote derivation with respect to the normalized temporal variable, τ , and φ ext = φ ac cos(Ωτ ), with Ω = ω/ω 0 being the normalized driving frequency. The value of β L determines whether a SQUID is hysteretic or non-hysteretic (β L > 1 and β L < 1, respectively).
Linearization of Eq. (5) around zero with γ = 0 and φ ext = 0 gives for the infinite system
By substitution of φ n = A exp[i(κn − Ωτ )] into Eq. (6) and using (7) where m is the "distance" from the main diagonal ofΛ −1 , we get
where
This nonlocal frequency dispersion is slightly different from that obtained with only nearest-neighbor coupling (Fig. 2) .
Eqs. (5) are numerically integrated in time using a fourth-order Runge-Kutta algorithm with fixed time stepping, typically ∆t = 0.02, with φ n (τ = 0) randomly chosen from a flat, zero mean distribution in [−φ R /2, +φ R /2] andφ n (τ = 0) = 0 for all n. The boundary conditions φ 0 = φ N +1 = 0 andφ 0 =φ N +1 = 0 are used to account for the termination of the structrure. For most initial flux configurations the system reaches spontaneously dynamical states where synchronous (coherent) and asynchronous (incoherent) clusters of SQUIDs coexist. A typical spatiotemporal flux pattern obtained after 10 7 time units (t.u.) of integration is shown in Fig. 3 , where the evolution of the φ n s is monitored for four driving periods T = 2π/Ω. In the left panel, two different domains of the array can be distinguished, where the fluxes are oscillating either with low or high amplitude. The enlargement of two particular subdomains in the middle and right panels reveals the main feature of a chimera state; besides the difference in the oscillation amplitudes, there are different dynamic behaviors: the low-amplitude oscillations are completely synchronized while the high-amplitude ones are desynchronized, both in phase and amplitude. Note that since the SQUID metamaterial is driven at a particular frequency Ω, there can be no net frequency drift as in phase oscillators [15] ; instead, the time-derivatives of the fluxes φ n , when averaged over one driving period T , <φ n (τ ) > T ≡< v n (τ ) > T , they are symmetrically distributed around zero (see below).
In Fig. 4 , the long-term spatiotemporal evolution for the fluxes φ n is shown as a density plot on the n−τ plane; the values of the φ n s are obtained at time-instants that are multiples of the driving period T , so that uniform (non-uniform) colorization indicates synchronous (asynchronous) dynamics. Apparently, two large clusters of SQUIDs have been formed spontaneously, one with coherent and the other with incoherent dynamics. The spatial profiles of φ n and < v n (τ ) > T at the end of the integration time (∼ 10 7 t.u.) are shown in Figs. 5a and 5b, respectively. In both subfigures the coexistence of coherent and incoherent clusters is clearly visible; moreover, in Fig. 5b we see that besides the large incoherent cluster extending from n = 143 to 256, there are actually two smaller ones (at around n ∼ 5 and n ∼ 112 which are not visible in Figs. 4 and 5a. The scattering of the values of < v n (τ ) > T in Fig. 5b resembles that seen for the corresponding quantity in a globally coupled system of complex Ginzburg-Landau oscillators [46] , that is also distinctly different from the standard pattern for a chimera state [15] . The degree of synchronization for a given cluster or for the whole SQUID metamaterial having M elements is quantified by introducing a Kuramototype parameter
that provides a global measure of synchronization. In accordance with Eq. (9), the absolute value of the synchronization parameter, |Ψ|, lies in the interval [0, 1], where the boundaries 0 and 1 correspond to complete desynchronization and synchronization, respectively. Perfect synchronization (i.e., |Ψ| = 1), however, cannot be achieved for finite systems like those considered here. The calculated value of |Ψ| as a function of τ for part of the seemingly coherent cluster in the blue (small) box of Fig. 5a , that extends from n = 36 to 100, is almost unity for all times (blue curve in Fig. 6 ). The corresponding curve for the large incoherent cluster in the green (large) box has a significantly lower average value, indicating desynchronization, and strong fluctuations whose size does not decrease with time τ , indicating a quasistationary situation. The difference in dynamic behaviour between SQUIDs in the coherent and incoherent clusters is also reflected in the power spectra of φ n (τ ). In Fig. 7 , two such spectra, one for a SQUID in the coherent cluster (n = 40) and one in the incoherent cluster (n = 190) are shown in logarithmic scale for a range of frequencies around the fundamental (i.e., the driving) one. Note that for the chosen parameters, the resonance frequency Ω SQ , of individual SQUIDs is at Ω SQ ≃ 1.3, while the linear band of the SQUID metamaterial extends from Ω min ≃ 1. 27 to Ω max ≃ 1.35 (extracted from the blue curve of Fig.  2 ). The driving frequency is Ω ≃ 1.06, well below the lower bound of the linear spectrum Ω min . The spectrum for the SQUID at n = 40 (black curve) exhibits very low noise levels, and a strong peak at the driving frequency along with some smaller peaks at frequencies within the linear band around Ω SQ indicated by an arrow. To the contrary, the spectrum for the SQUID at n = 190 exhibits significant fluctuations, the peak at the driving frequency, and in addition a frequency region around 0.9 − 1.05 where the averaged level of fluctuations remains approximatelly constant, forming a shoulder that often appears in chimera states for this system. A large number of averaged voltage instantaneous profiles, < v n (τ ) > T , such as the one shown in Fig. 5b , have been obtained during the integration. The distribution of their values, for the SQUIDs that belong to the large incoherent cluster, is shown in Fig. 8 . The values of < v n (τ ) > T are symmetrically distributed around zero; however, the shape of this distribution deviates significantly from a Gaussian profile like the one obtained in Ref. [46] , and it is due to the correlations between different subsystems of the SQUID metamaterial that never vanish since long range forces are involved.
Chimera states are surprising spatiotemporal patterns in which regions of coherence and incoherence coexist. While they were initially discovered in numerical simulations, they have been subsequently observed in several experiments. Notably, these experiments do not merely confirm the numerical and theoretical predictions, but they also reveal other types of interesting collective dynamic behaviour. SQUID metamaterials, which comprise nonlinear resonant elements non-locally coupled, are physical systems where chimeras or other collective effects could be in principle detected. The emergence of long-lived chimera states in SQUID metamaterials could be acheived by proper initialization of the fluxes threading the SQUID rings, which is experimentally feasible. Our numerical simulations rely on a realistic model, which is capable of reproducing experimental findings such as the tuneability patterns of SQUID metamaterials which are obtained by varying an applied dc flux. These simulations indicate that in many cases the coherent and incoherent clusters that make a chimera state maintain their individual sizes for very long times (> 10 8 time units). During the integration, induced instabilities may lead to sudden expansion of the incoherent cluster(s), or to the desynchronization of of narrow coherent clusters. Moreover, other types of initial conditions may produce varying chimeras, where an incoherent cluster changes its position and size all the time. [1] S. M. Anlage, J. Opt. 13, 024001 (2011).
